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a b s t r a c t
For a graph G = (V, E), a non-empty set S ⊆ V is a defensive alliance if for every vertex v
in S, v has at most one more neighbor in V − S than it has in S, and S is an offensive alliance
if for every v ∈ V − S that has a neighbor in S, v has more neighbors in S than in V − S. A
powerful alliance is both defensive and offensive. We initiate the study of powerful alliances
in graphs.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
In this paper we initiate the study of powerful alliances in graphs, but first we give some terminology and definitions.
Let G = (V, E) be a graph of order n. For any vertex v ∈ V , the open neighborhood of v is the set N(v) = {u : uv ∈ E}, while the
closed neighborhood of v is the set N[v] = N(v)∪{v}. For a subset S ⊆ V , the open neighborhood is the set N(S) = ∪v∈S N(v) and
the closed neighborhood is the set N[S] = N(S) ∪ S. The boundary of S is the set ∂S = N[S] − S. A vertex of degree one is called
a leaf and its neighbor is a support vertex. For other graph theory terminology and notation, we generally follow [1].
In [7] Hedetniemi, Hedetniemi, and Kristiansen introduced the concept of alliances in graphs, including defensive and
offensive alliances, defined as follows. A non-empty set of vertices S ⊆ V is called a defensive alliance if for every v ∈ S,
|N[v] ∩ S| ≥ |N[v] − S|. Using national security issues to illustrate these concepts, one can think of a vertex being able to
defend itself and its neighboring allies while being able to attack its neighboring enemies. Since each vertex in a defensive
alliance S has at least as many vertices from its closed neighbor in S as it has in V − S, by strength of numbers, we say that
every vertex in S can be defended from possible attack by vertices in V − S. A non-empty set of vertices S ⊆ V is called an
offensive alliance if for every v ∈ ∂S, |N[v] ∩ S| ≥ |N[v] − S|. Since each vertex in ∂S has more neighbors in S than in V − S,
we say that every vertex in ∂S is vulnerable to possible attack by vertices in S. Equivalently, since an attack by the vertices
in S on the vertices in V − S can result in no worse than a “tie” for S, we say that S can effectively attack ∂S. An alliance S is
called critical if no proper subset of S is an alliance of the same type. The defensive alliance number a(G) (respectively, offensive
alliance number ao(G)) is the minimum cardinality of any critical defensive (respectively, offensive) alliance in G. Alliances
are studied in [2–9,11].
In this paper, we consider alliances that are both defensive and offensive, which we call powerful alliances. This concept
can be expressed by the single condition that for every vertex v ∈ N[S], |N[v] ∩ S| ≥ |N[v] − S|. The powerful alliance number
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ap(G) is the minimum cardinality of a powerful alliance in G, and a powerful alliance of cardinality ap(G) is called an ap(G)-set.
Since a powerful alliance S is defensive, it can defend every vertex in S from possible attack by the vertices in ∂S, and since it
is offensive, it can effectively attack every vertex in ∂S. On the other hand, if the powerful alliance so chooses, it can defend
every vertex in ∂S from attack by vertices in N[∂S]−N[S], that is, S can defend itself and all its neighbors. From the definitions,
we have max{a(G), ao(G)} ≤ ap(G). Since ap(G) is the minimum cardinality of a powerful alliance in any of its components,
we consider only connected graphs G.
An alliance S is called global if it affects every vertex in V−S, that is, every vertex in V−S is adjacent to at least one member
of the alliance S. In this case, S is a dominating set. The global powerful alliance number γap(G) is the minimum cardinality
of a global powerful alliance (gpa) of G. The entire vertex set V is a gpa for any graph G, so for every graph G, γap(G) exists.
Note that a gpa of minimum cardinality is not necessarily a critical powerful alliance, and a critical powerful alliance is not
necessarily a gpa. Since every gpa of a graph G is both a dominating set and a powerful alliance, max{γ(G), ap(G)} ≤ γap(G)
where γ(G) is the domination number of G.
Section 2 gives the powerful alliance and global powerful alliance numbers of several standard classes of graphs.
Sections 3–5 present properties of powerful alliances. Sections 6 and 7 contain characterizations of the graphs G for which
γ(G) = γap(G), and the trees T for which ap(T) = γap(T), respectively.
2. Examples
Observation 1. For the complete graph Kn, ap(Kn) = γap(Kn) =
⌈
n
2
⌉
.
Proof. Let S be an ap(Kn)-set, and let v ∈ S. Since S is a defensive alliance, it contains at least ⌊(deg v)/2⌋ = b(n− 1)/2c
neighbors of v, and so γap(Kn) ≥ ap(Kn) ≥ b(n+ 1)/2c =
⌈
n
2
⌉
. The set consisting of v and any b(n− 1)/2c of its neighbors is
a gpa, since ∂S = V − S and every vertex in ∂S has b(n+ 1)/2c neighbors in S. Hence, ap(Kn) ≤ γap(Kn) ≤ |S| = dn/2e. 
Observation 2. For the complete bipartite graph Kr,s, 1 ≤ r ≤ s, ap(Kr,s) = γap(Kr,s) = min{r+bs/2c , d(r + 1)/2e+d(s+ 1)/2e}.
Proof. First note the result holds for stars K1,s for which ap(K1,s) = γap(K1,s) = 1 + bs/2c. Assume that 2 ≤ r ≤ s, and
let A and B be the partite sets of Kr,s with |A| = r and |B| = s. Then the set A together with bs/2c vertices from B is a gpa
of Kr,s. Also, the set containing d(r + 1)/2e vertices of A and d(s+ 1)/2e vertices of B is a gpa. Hence, ap(Kr,s) ≤ γap(Kr,s) ≤
min{r + bs/2c , d(r + 1)/2e + d(s+ 1)/2e}.
Let S be an ap(Kr,s)-set. Since S is a powerful alliance, S ∩ A 6= ∅ and S ∩ B 6= ∅. Hence, S is a gpa, that is, every vertex in Kr,s
is in S∪∂S. If v ∈ A∩∂S, then d(s+ 1)/2e vertices from B must be in S. Similarly, if v ∈ B∩∂S, then d(r + 1)/2e vertices from A
must be in S. In this case, |S| ≥ d(r + 1)/2e + d(s+ 1)/2e. If no vertex in A (respectively, B) is in ∂S, then A ⊆ S (respectively,
B ⊆ S). Since r ≤ s, assume that A ⊆ S. Then S contains at least bs/2c vertices from B, and hence, |S| ≥ r + bs/2c. 
Observation 3. (i) For any path Pn, ap(Pn) = γap(Pn) = b2n/3c, and
(ii) for any cycle Cn, ap(Cn) = γap(Cn) = d2n/3e.
Proof. Let S be an ap(Pn)-set (respectively, ap(Cn)-set). For any vertex v ∈ ∂S, N(v) ⊆ S. Moreover, every vertex of degree two
in S must have a neighbor in S. The result follows. 
Note that if any vertex of degree at least two is in an ap(G)-set, then ap(G) ≥ 2. The following observation is immediate.
Observation 4. A connected graph G has ap(G) = 1 if and only if G ∈ {K1, K2}.
3. Properties of powerful alliances
We begin with a bound on the powerful alliance number of a graph in terms of its order and packing number. A subset
P ⊂ V is called a packing in G if for every vertex v ∈ V , |N[v] ∩ P| ≤ 1. The packing number ρ(G) is the maximum cardinality
of a packing in G.
Proposition 5. For any connected graph G of order n ≥ 2, ap(G) ≤ n− ρ(G), and this bound is sharp.
Proof. Clearly any maximum packing P of G is an independent set and is vulnerable to attack by V − P, that is, V − P is an
offensive alliance. Moreover, since no vertex of V−P is adjacent to two or more vertices in P, V−P is also a defensive alliance.
Thus, ap(G) ≤ |V − P| = n− ρ(G). Cycles and non-trivial paths attain the bound. 
Meir and Moon [10] showed that the domination number and packing number of a tree are equal. Hence we have the
following corollary.
Corollary 6. For any tree T, ap(T) ≤ n− γ(T), and this bound is sharp.
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We next give a bound on the boundary of a powerful alliance in terms of the minimum degree δ and maximum degree
∆ of G.
Proposition 7. If S is a powerful alliance, |∂S| ≤ ∆+1
δ+1 |S|.
Proof. Let v ∈ S and m be the number of edges between S and ∂S. Since |N[v] ∩ S| ≥ |N[v] − S|, the number of edges mv
between v and ∂S is at most deg v+12 ≤ ∆+12 , that is, mv ≤
⌊
∆+1
2
⌋
. It follows that m ≤ |S|
⌊
∆+1
2
⌋
. Similarly, for w ∈ ∂S, the
number of edges between w and S is at least
⌈
δ+1
2
⌉
, and hence, m ≥ |∂S|
⌈
δ+1
2
⌉
. It follows that |∂S|
⌈
δ+1
2
⌉
≤ |S|
⌊
∆+1
2
⌋
, which
implies that |∂S| ≤ b∆+12 cd δ+12 e |S| ≤
∆+1
δ+1 |S|. 
Corollary 8. If G is a regular graph and S is a powerful alliance of G, then |∂S| ≤ |S|.
Corollary 9. For any graph G of order n,
n ≤
(
∆+ δ+ 2
δ+ 1
)
γap(G).
Proof. Since a γap(G)-set S is a dominating set, |∂S| = n − |S|. From Proposition 7, we have n − γap(G) ≤ ∆+1δ+1 γap(G) and the
result follows. 
Corollary 10. If G is a regular graph of order n, then n ≤ 2γap(G).
The following two results pertain to defensive and offensive alliances, respectively, with a corollary for offensive alliances
following the second. Thus the propositions apply to powerful alliances.
Proposition 11. Let S1 and S2 be distinct defensive alliances in a graph G. A vertex in S1 ∩ S2 has at most one more neighbor in
∂(S1 ∪ S2) than it does in S1 ∩ S2.
Proof. Let x ∈ S1 ∩ S2, and let ai be the number of neighbors of x in Si − (S1 ∩ S2), i = 1, 2, a12 the number of neighbors
in S1 ∩ S2, and b the number of neighbors in ∂(S1 ∪ S2). Then a1 + a12 + 1 ≥ a2 + b and a2 + a12 + 1 ≥ a1 + b. Adding the
inequalities shows b ≤ a12 + 1. 
Proposition 12. Let S1 and S2 be distinct offensive alliances in a graph G. A vertex in ∂S1 ∩ ∂S2 has more neighbors in S1 ∩ S2 than
it does in V − (S1 ∪ S2).
Proof. Let x ∈ ∂S1 ∩ ∂S2, ai be the number of neighbors of x in Si − (S1 ∩ S2), i = 1, 2, a12 the number in S1 ∩ S2, and b the
number in V − (S1 ∪ S2). Then a1 + a12 ≥ a2 + b+ 1 and a2 + a12 ≥ a1 + b+ 1. It follows that a12 ≥ b+ 1. 
The following is an immediate corollary of Proposition 12.
Corollary 13. If S1 and S2 are disjoint offensive alliances in a graph G, then ∂S1 ∩ ∂S2 = ∅.
Our next corollary follows from Corollary 13.
Corollary 14. If G is a graph with two disjoint γap(G)-sets, then G has even order, every vertex in V has odd degree, and
γap(G) = n/2.
Proof. Let S1 and S2 be disjoint γap(G)-sets. By Corollary 13, V − (S1 ∪ S2) = ∅, that is, {S1, S2} is a partition of V . Hence, n
is even and γap(G) = n/2. Since every vertex in V is in both a powerful alliance and the boundary of a powerful alliance, it
follows from the definition of powerful alliance that every vertex has odd degree. 
Note that complete graphs of even order have two disjoint γap-sets. For another example of such graphs, we construct
graphs Gk for k ≥ 2 with two disjoint γap(Gk)-sets and γap(Gk) = k = n/2 as follows. Begin with a path Pk = (u1, u2, . . . , uk)
and a star K1,k−1 with center v and leaves labeled v1, v2, . . . vk−1. Add the edges vui for 1 ≤ i ≤ k and {vjuj, vjuj+1 | 1 ≤ j ≤ k−1}.
Then {ui | 1 ≤ i ≤ k} and {v, vj | 1 ≤ j ≤ k− 1} are disjoint γap(Gk)-sets.
Open problem: Characterize the graphs G having two disjoint γap(G)-sets.
Proposition 15. Let S be a critical powerful alliance and S′ be a proper subset of S. Then there is a vertex x ∈ N[S′] that is adjacent
to t ≥ 1 vertices in S− S′ and
⌈
deg x+1
2
⌉
≤ |N[x] ∩ S| ≤
⌈
deg x+1
2
⌉
+ t − 1.
Proof. The lower bound is simply the requirement imposed by the definition of a powerful alliance. Since S is critical, S′
cannot be a powerful alliance. Thus, at least one of the requirements for a powerful alliance must not be satisfied by it. Hence
there is an x ∈ N[S′] such that |N[x] ∩ S′| <
⌈
deg x+1
2
⌉
. Let |N[x] ∩ (S− S′)| = t. Then |N[x] ∩ S| = |N[x] ∩ S′| + |N[x] ∩ (S− S′)| <⌈
deg x+1
2
⌉
+ t. 
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Fig. 1. S = {a, b, c, d} is a critical powerful alliance, but not a critical defensive alliance.
We have seen that any subset of t vertices of K2t is a critical powerful alliance. In fact, these are the only critical powerful
alliances in K2t . In this example, the t vertices are also critical offensive and defensive alliances. However, a critical powerful
alliance need not be a critical defensive alliance, as the next example shows. Consider the graph shown in Fig. 1.
Let S = {a, b, c, d}, and so ∂S = {e, f }. Clearly, S is a powerful alliance. We show that no subset of S is an offensive alliance
and hence is not a powerful alliance. Without loss of generality, we may assume S′ ⊂ S does not contain vertex a. If b ∈ S′,
then |N[e] ∩ S′| = 1 and |N[e] − S′| = 3, so S′ is not an offensive alliance. If S′ contains neither a nor b, we can, without loss of
generality, assume it contains c. Then |N[a] ∩ S′| = 1 and |N[a] − S′| = 3, and again, S′ is not an offensive alliance. It follows
that S is a critical powerful alliance. However, if S′ = {a, b, c} and v ∈ S′, then |N[v] ∩ S′| ≥ 2 =
⌈
deg v+1
2
⌉
, so S′ is a defensive
alliance and therefore, S is not a critical defensive alliance.
Proposition 16. For any graph G with no isolated vertices, γap(G) ≤ n− bδ(G)/2c, and this bound is sharp.
Proof. Let v be a vertex of minimum degree, and let S be the set of vertices remaining after removing bδ(G)/2c neighbors of v
from V . Then, S dominates G. For each u ∈ S, |N[u]− S| ≤ bδ(G)/2c ≤ bdeg u/2c, and so |N[u]∩ S| ≥ ddeg u/2e+1 > |N[u]− S|.
Moreover, for each u ∈ V − S, |N[u] − S| ≤ bδ(G)/2c ≤ bdeg u/2c, implying that u has at least ddeg u/2e neighbors in S. Thus,
S is a gpa, and γap(G) ≤ |S|. Sharpness is shown by Observation 1 for Kn with n odd. 
Proposition 17. For any graph G, γ(G)+ bδ(G)/2c ≤ γap(G).
Proof. Let S be a gpa with γap(G) vertices. The result is immediate if δ(G) = 1, so we may assume S has no degree one vertices.
Since, for every vertex v ∈ V − S, |N[v] ∩ S| ≥ d|N[v]|/2e ≥ d(δ(G)+ 1)/2e = bδ(G)/2c + 1, S− X is a dominating set for any
set X ⊆ S containing at most bδ(G)/2c vertices. Thus, γ(G) ≤ |S− X| = γap(G)− bδ(G)/2c. 
4. Upper Bound for Trees
For a rooted tree T and a vertex vi ∈ V(T), let Ti denote the subtree induced by vi and its descendants, and let ti be the
number of vertices in Ti.
Theorem 18. If T is a tree of order n and T 6= Pn, then
ap(T) ≤
⌊
n+ 3
2
⌋
,
and this bound is sharp.
Proof. Clearly, the result is true for the trivial tree, so assume that n ≥ 2. We first show that the bound holds if∆(T) = ∆ ≥⌈
n−1
2
⌉
. Assume tree T is rooted at a vertex x of maximum degree, and let v1, v2, . . . , v∆ be the neighbors of x. Without loss of
generality, assume that 1 ≤ t1 ≤ t2 ≤ · · · ≤ t∆. Then, for j =
⌊
∆+2
2
⌋
, ∪j1 V(Ti) is a powerful alliance of T. Due to the bound on
∆ and the ordering of the subtrees,
ap(T) ≤ t1 + t2 + · · · + tj
≤ 2j−min{j, 2∆+ 1− n}
= max
{⌊
∆+ 2
2
⌋
, 2
⌊
∆+ 2
2
⌋
− 2∆− 1+ n
}
≤ max
{⌊
∆+ 2
2
⌋
, n+ 1−∆
}
≤ max
{⌊
n+ 1
2
⌋
,
⌊
n+ 3
2
⌋}
=
⌊
n+ 3
2
⌋
.
Next assume that ∆ ≤
⌊
n−2
2
⌋
. Since T is not a path, it is possible to root T at a vertex x with degree k ≥ 3 and neighbors
v1, v2, . . . , vk such that for 1 ≤ i < k, each Ti is a path. (Notice, if a vertex x were selected such that the single non-path
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Fig. 2. A graph G with order n = 12 and ap(G) = 9 = 3n/4.
subtree Tk has tk < tk−1, then there is a vertex in Tk that does satisfy the conditions). For each Ti, let Si be a powerful alliance
of minimum cardinality that contains vi, and let j =
⌊
k+2
2
⌋
. Then S = ∪ji=1 Si is a powerful alliance of T. By our choice of x, each
Ti is a path on ti vertices and has a powerful alliance number of
⌊
2ti
3
⌋
. By forcing each Si to contain vi, it is straightforward to
check that |Si| ≤
⌈
2ti
3
⌉
. Therefore, ap(T) ≤ |S| ≤ Σ ji=1
⌈
2ti
3
⌉
= Σ ji=1
⌊
2ti+2
3
⌋
≤ Σ ji=1 2ti+23 = 2Σ ji=1 ti3 + 2j3 . Due to the ordering,
Σ
j
i=1ti ≤ j(n− 1)/k. Therefore, ap(T) ≤ f (k) = 2j(n− 1+ k)/(3k). The function f (k), when restricted to odd (or even) integers
is unimodal with a minimum between 3 and
⌊
n−2
2
⌋
. In this case, 3 ≤ ∆ ≤
⌊
n−2
2
⌋
implies that n ≥ 8. If n ≤ 9, k = 3 and we
have that f (k) = (4n + 8)/9 < (n + 3)/2. If n ≥ 10, then the maximum is the largest of f (3), f (4), and f
(⌊
n−2
2
⌋)
for both
parities of the argument. Evaluating, we obtain that f (3) = (4n+ 8)/9 < f (4) = (n+ 3)/2, and that f
(⌊
n−2
2
⌋)
≤ (n+ 3)/2,
for either parity of
⌊
n−2
2
⌋
. Hence, ap(T) ≤
⌊
n+3
2
⌋
.
To see that this bound is sharp, consider the tree T formed from four disjoint copies of Pm where m ≡ 2 mod 3 by adding
a vertex v and four edges such that v is adjacent to an endvertex of each of the four paths. Then T has order 4m+ 1 and v is
the only vertex with degree greater than two. For m = 3k+ 2 and k ≥ 1, we show that ap(T) = 3(2k+ 2) = 2m+ 2 =
⌊
n+3
2
⌋
.
Let the neighbors of v be v1, v2, v3, v4. For each Ti, let Si be a powerful alliance of minimum cardinality that contains vi. Then
|Si| = b2m/3c + 1 = 2k + 2. Note that ∪3i=1 Si is a powerful alliance of T. Hence, ap(T) ≤ 6k + 6 = 2m + 2. Next, let S be an
ap(T)-set. If v ∈ S, then vi ∈ S∪ ∂S for 1 ≤ i ≤ 4. Since each Ti is a path, it follows that |S| ≥ 1+ 4+ 4(2k) = 5+ 8k > 2m+ 2.
Hence, v 6∈ S. But since each Ti is a path, it follows that v ∈ ∂S. Thus, at least three of the neighbors of v are in S implying that
|S| ≥ 6+ 3(2k) = 2m+ 2. 
Note that the bound of Theorem 18 does not hold in general. For example, consider paths, cycles, and the graph G in Fig. 2
with ap(G) equal to three-fourths its order. We suspect, but have not been able to prove, that with the exception of a few
finite cases the upper bound for an arbitrary graph G is ap(G) ≤ d3n/4e.
5. Induced subgraphs
Next we consider supergraphs and subgraphs of a given graph G which have a specified powerful alliance number.
Theorem 19. Let G be any graph and k ≥ 2 be an integer. Then there is a graph G′, with ap(G′) = k, which contains G as an
induced subgraph.
Proof. If ap(G) = k, let G′ = G. Thus, assume that ap(G) 6= k and let Sk = K1,2k−1. We construct G′ as follows. Begin with |V(G)|
copies of Sk and let X be a set containing exactly one leaf from each copy of Sk. Add edges such that X induces the graph G.
Then ap(G′) ≤ k since any set of k leaves in any one of the copies of Sk is a powerful alliance of G. Let S be an ap(G′)-set. From
the way G′ was constructed, every vertex of S is in some copy of Sk. But then S must include a total of at least k vertices from
the same Sk, implying ap(G′) ≥ k. 
Theorem 20. Let T be any tree and k any integer such that 1 ≤ k ≤ ap(T). Then T has a subtree T ′ with ap(T ′) = k.
Proof. The tree T, itself, satisfies the requirement when k = ap(T). The result can be easily seen for paths and stars and,
hence, for all trees with at most four vertices. Therefore we assume that T has n ≥ 5 vertices and that the result holds for
all trees with fewer vertices. We also assume ∆(T) ≥ 3, and that T is not a star. Since the result holds for stars, it holds for
1 ≤ k ≤ d(∆+ 1)/2e, and we need only show the claim for d(∆+ 2)/2e ≤ k < ap(T).
Now, let X = {v | v has exactly deg v−1 leaf neighbors}. Note that X has at least two vertices and each of them must have
degree two, since otherwise
⌈
(deg v+ 1)/2⌉ leaf neighbors of any vertex v ∈ X with deg v ≥ 3 would be a powerful alliance.
Then, ap(T) ≤ ⌈(deg v+ 1)/2⌉ ≤ d(∆+ 1)/2e < k, which contradicts that k < ap(T). Let v be any vertex in X, and let x be
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Fig. 3. The two trees of T2 .
the leaf adjacent to v. Consider the graph T ′ obtained by removing x from T. If ap(T ′) ≥ ap(T), then the result holds for T ′ by
the induction hypothesis and, hence, for T since any subtree of T ′ is a subtree of T. Suppose ap(T ′) < ap(T), and let S′ be an
ap(T ′)-set. Vertex v must be in N[S′], since otherwise S′ would be a powerful alliance of T having fewer than ap(T) vertices.
Therefore, S′ ∪ {x}must be a powerful alliance of T, and we have that ap(T ′) = ap(T)− 1. Now, by the induction hypothesis,
T ′ has an induced subtree T ′′ with ap(T ′′) = k for 1 ≤ k ≤ ap(T ′) = ap(T)− 1. 
Conjecture 21. Let G be any graph and k any integer such that 1 ≤ k < ap(G). Then G has an induced subgraph G′ with ap(G′) = k.
6. Graphs with equal domination and global powerful alliance numbers
Our aim in this section is to characterize the graphsGhaving γ(G) = γap(G). Note that Proposition 17 implies that δ(G) = 1
for such graphs.
Theorem 22. A graph G has γ(G) = γap(G) if and only if N[v] contains at least d|N[v]|/2e support vertices for every vertex
v ∈ V(G).
Proof. Suppose γ(G) = γap(G), and let S be a γap(G)-set containing a maximum number of support vertices. If all vertices in S
are support vertices, then the result follows because S is a powerful alliance. Otherwise, let v be any non-support vertex in S.
From the assumption that |S| = γ(G), S−{v} is not a dominating set. Thus either every neighbor of v must be in V−S or some
neighbor of v, say u, must have no other neighbors in S. The latter cannot be since deg u ≥ 2 and S is an offensive alliance. If
every neighbor of v is in S, then since S is a defensive alliance, v is a leaf with a neighbor y in V − S. Thus, (S − {v}) ∪ {y} is a
minimum gpa with more support vertices than S, a contradiction that provides the result.
For the converse, suppose N[v] contains at least d|N[v]|/2e support vertices for every vertex v in V , and let S be the set of
support vertices. Then S is both a dominating set and a powerful alliance, that is, γ(G) ≤ γap(G) ≤ |S|. Since, for every support
vertex v, either v or all of its degree one neighbors must be in any dominating set, |S| ≤ γ(G). Therefore, γ(G) = γap(G). 
7. Trees with equal powerful alliance and global powerful alliance numbers
Our goal in this section is to characterize the trees T for which ap(T) = γap(T). Stars are one such family (when the center
vertex is placed in S) for which this equality holds; paths are another.
A vertex w in tree T is said to have a tail if there is a leaf v for which all vertices in the vw-path have degree two. The length
of a tail is the distance from v to w. Let T be the tree formed from a star by subdividing any number of its edges any number
of times, that is, T has at most one vertex of degree 3 or more. We call such a tree T a spider. A path, for example, is a special
case of a spider. The subdivided edges are the tails of the central vertex x. Suppose x has r tails of length one, s tails of length
two, and t = ∆− r − s tails of length at least three. Let T1 be the set of spiders T such that either T is a path or∆ ≥ 3 and:
1. r + s = ∆, or
2. ∆ is even, r ≤ ∆/2, r + s = ∆− 1, and there is one tail of length three, or
3. ∆ is even, r ≤ (∆− 2)/2, r + s = ∆− 1, and there is one tail of length four, or
4. ∆ = 4, s = 2, and there are two tails of length four.
Let T2 to be the two trees shown in Fig. 3. We shall prove the following main theorem.
Theorem 23. A tree T has ap(T) = γap(T) if and only if T ∈ T1 ∪ T2.
We prove a series of lemmas to establish the proof of Theorem 23. First we present a general result.
Lemma 24. Let T be a tree and S be a critical powerful alliance of T. Then:
(a) the induced subgraph 〈N[S]〉 is a subtree of T,
(b) ∂S is an independent set of vertices, and
(c) if V(T) = N[S], then the degree of any vertex in ∂S is at most two.
Proof. (a) If 〈N[S]〉 has at least two components, any two must be joined by a path which contains a vertex not in N[S].
But then the vertices of S in one of the components can be removed from S to produce a smaller powerful alliance,
contradicting the fact that S is critical.
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(b) Suppose x and y are adjacent vertices in ∂S. Then, rooting the tree at x, all vertices of S which are in Ty can be removed
from S, again creating a smaller powerful alliance.
(c) Let x be in ∂S and have degree three or more. Root T at x, and let k = deg x −
⌈
deg x+1
2
⌉
. Label k of the children of x as x1,
x2, . . . , xk. By Part (b), all the children of x must be in S. But then S −⋃ki=1 V(Txi) is a powerful alliance of T, contradicting
our assumption that S is a critical powerful alliance. 
Lemma 25. For any tree T having ap(T) = γap(T), d(∆+ 1)/2e ≤ γap(T).
Proof. The statement holds when∆ ≤ 2. Let x be a vertex of maximum degree∆ ≥ 3, and S be a γap(T)-set. By Lemma 24(c),
x ∈ S. Furthermore, at least d(∆− 1)/2e neighbors of x also must be in S. Thus, |S| ≥ d(∆− 1)/2e + 1 = d(∆+ 1)/2e. 
Lemma 26. Let T be a spider. Then ap(T) = γap(T) if and only if T ∈ T1.
Proof. It is easily checked that all trees in T1 have ap(T) = γap(T). We employ the notation used in the description of the
family T1 in showing necessity. Suppose S is a γap(T)-set and a ap(T)-set. If T is a path, the lemma holds, so assume that∆ ≥ 3.
Thus, x ∈ S by Lemma 24(c). There are three possibilities.
1. d(∆ + 1)/2e ≤ r. Then d(∆ + 1)/2e of the leaves adjacent to x form a minimum powerful alliance, so γap(T) = |S| =d(∆ + 1)/2e by Lemma 25. The set S includes, in addition to x, at least d(∆ − 1)/2e neighbors of x, and at least one
additional vertex from each tail of length at least three. Thus, d(∆+1)/2e = γap(T) = |S| ≥ 1+d(∆−1)/2e+ t. It follows
that t = 0 and all tails have length at most two. Such spiders are in T1.
2. r ≤ d(∆ − 1)/2e < d(∆ + 1)/2e ≤ r + s. A powerful alliance can be formed by the vertices in the d(∆ + 1)/2e shortest
tails. Thus, ap(T) = |S| ≤ d(∆ + 1)/2e + (d(∆+ 1)/2e − r) = 2 (d(∆+ 1)/2e) − r. Set S, in addition to x, must contain
at least one vertex from each tail of length two and at least two vertices from each tail of length three or more, implying
1+ s+ 2t ≤ |S| ≤ 2d(∆+ 1)/2e − r. Using the fact that r + s+ t = ∆, it follows that t ≤ 2d(∆+ 1)/2e − (∆+ 1). If∆ is
odd, then this bound on t is 0 and again the spiders have tails of length at most two. If ∆ is even, then the bound is one
so there can be at most one tail with exactly two vertices in S. Notice that |S| = 1+ s+ 2t only if no tail has three vertices
in S and no vertex in a length one tail is in S. This is possible if r ≤ (∆− 2)/2. In this case, s ≥ ∆− (∆− 2)/2− 1 = ∆/2.
Thus S can consist of x, all vertices in length two tails which are adjacent to x, and two vertices in a single tail of length at
least three. This last one can be of length either three or four. However, if r = ∆/2 and there is a length four tail, at least
one vertex in S which is adjacent to x must be in either the length four tail (which then will require three vertices in S) or
a tail of length one. In either situation, |S| ≥ 2+ s+ 2t and it follows that t ≤ 0. Thus in this case, the only tail of length
greater than two, if any, must have length three. All the trees deemed possible here are in T1.
3. r + s < d(∆ + 1)/2e. Let A be the set of vertices of S which are in the d(∆ + 1)/2e shortest tails of x and B be the set of
vertices of S which are in the b(∆− 1)/2c remaining tails. Then |B| ≥ 2b(∆− 1)/2c. Let S′ be a set containing the vertices
of A and the vertex in ∂S at a shortest distance from x, if any, in each of the shortest d(∆ + 1)/2e tails. Observe that S′ is
a powerful alliance. It follows that |S| = ap(T) ≤ |S′| ≤ |S| − 1 − 2b(∆ − 1)/2c + d(∆+ 1)/2e. This is a contradiction
for odd ∆ since the inequality then implies ∆ ≤ 1. When ∆ is even, a similar contradiction is obtained if ∆ ≥ 6. Since
∆ ≥ 3, we need consider only the case when ∆ = 4. For it there are at least two tails of length at least three since
r + s < d(4 + 1)/2e = 3. It is easy to check that such spiders do not have ap(T) = γap(T), except when s = 2 and the
remaining two tails have length four. This spider is in T1. All others covered by this case are not.
The above results are combined to prove the lemma. 
We are now in a position to complete the characterization. Define the set W ⊆ V(T) by W = {w : w ∈ V(T) and w has
at least degw − 1 ≥ 2 tails}. Furthermore, let tails(w) = {v : v is a vertex in a tail of w}. The following observation is an
immediate consequence of the definition.
Observation 27. The value of |W| is:
1. ≤ 1 if and only if T is a spider, and
2. 2 if and only if T has at least two vertices with degree at least three, and every vertex z on the path joining any two of them has
exactly deg z− 2 tails.
Since spiders already have been discussed, we now consider the case when |W| ≥ 2. Let T be a tree with ap(T) = γap(T),
and let S be a γap(T)-set and a ap(T)-set. Then W ⊆ S.
Let w ∈ W, and construct set Sw as follows. Let z be the sole neighbor of w not in a tail of w, and assume [N(w)−{z}] ∩ S =
{w1,w2, . . . ,wk} where, necessarily, d(degw− 3)/2e ≤ k < degw, and, if z ∈ ∂S, k ≥ d(degw− 1)/2e. We now construct a
set Z ⊆ ∂S as follows. For 1 ≤ i ≤ k, if degwi = 2 and yi = N(wi)−{w} ∈ ∂S, place yi in Z. This operation places m ≤ k vertices
into Z. Now add t = max (0, d(degw+ 1)/2e − k) vertices from [N(w)−{z}] ∩ ∂S to Z. Hence, |Z| = m+ t ≤ k+ t. Notice that
z ∈ ∂S implies t ≤ 1 and, otherwise, t ≤ 2. Now we define Sw = Z∪ [tails(w)∩ S]. It follows that |S| = |Sw|− (m+ t)+ q where
q is the number of vertices in S− tails(w). The next lemma shows that Sw is a powerful alliance.
Lemma 28. For any w ∈ W, the set Sw is a powerful alliance of T.
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Proof. All vertices in Sw have degree at most two and all vertices of degree two in Sw have at least one neighbor in Sw.
Every vertex v 6= w in ∂Sw has deg v neighbors in Sw. Finally, since w has exactly k + t neighbors in Sw and k + t =
k+max (0, d(degw+ 1)/2e − k) ≥ d(degw+ 1)/2e, Sw is a powerful alliance. 
From Lemma 28 and the preceding statements, we have |Sw| ≥ |S| = |Sw|−(m+t)+q from which it follows that q ≤ m+t.
Note that this holds for every w ∈ W with the corresponding values of q, m, and t.
Lemma 29. If |W| ≥ 2, then T has ap(T) = γap(T) if and only if T ∈ T2.
Proof. Assume γap(T) = ap(T), and let S be a γap(T)-set and a ap(T)-set. Let {w,w′} ⊆ W, where w is chosen so that k + t
is as small as possible. Use the above notation, with primes distinguishing the corresponding values for w′. Observe that
k′+|W| ≤ q since S− tails(w) includes the k′ vertices adjacent to w′ and all of W. Thus, k′+2 ≤ k′+|W| ≤ q ≤ m+ t ≤ k+ t ≤
k′ + t′ ≤ k′ + 2. Hence, m = k, t′ = |W| = 2, and q = m+ t. Since k+ t = k′ + t′, the argument also holds for w′ and we also
have m′ = k′, t = |W| = 2, and q′ = m′ + t′. Thus, m = m′ = k = k′ and t = t′ = |W| = 2. Further, w and w′ must be adjacent,
that is, w′ = z, since t = 2 implies z ∈ S and q = m+ 2 = m′ + 2 implies the path joining w and w′ can have no vertices in S.
Therefore, T is a tree with two adjacent vertices w and w′, where 3 ≤ degw′ ≤ degw. Since q = m + 2 = q′ = m′ + 2,
both w and w′ have k length two tails, where d(degw′− 3)/2e ≤ k ≤ degw′− 1. The rest are length one tails. The set S, then,
contains w and w′ and, since k ≥ d(degw′ − 3)/2e, k additional neighbors of w and k additional neighbors of w′. Since these
are sufficient, |S| = 2k+ 2.
We now investigate bounds on the powerful alliance number ap(T). Since d(degw − 3)/2e ≤ k, the degw − 1 − k
leaves adjacent to w number at most d(degw+ 1)/2e. Hence a powerful alliance set can be formed from the degw− 1− k
leaves adjacent to w and d(degw + 1)/2e − [degw − 1 − k] of the degree two neighbors, plus their leaf neighbors, that is,
ap(T) ≤ degw−1−k+2[d(degw+1)/2e−[degw−1−k]] = k+2+d(degw+1)/2e−b(degw+1)/2c =
{
k+ 2 if degw is odd
k+ 3 if degw is even .
Since S is a minimum powerful alliance, |S| = 2k+ 2 = ap(T) ≤
{
k+ 2 if degw is odd
k+ 3 if degw is even . If degw is odd, we must have k = 0 and
deg v = degw = 3. Thus, T is the first of the trees given in Fig. 3, that is, T is the double star S2,2.
If degw is even, then 0 ≤ k ≤ 1. If k = 0, then degw ≤ 2, since degw must be even, which contradicts degw ≥ 3. If
k = 1, we have 3 ≤ degw′ ≤ degw ≤ 4. If degw′ = 3, the three vertices in the two tails of vertex w′ would form a powerful
alliance of size 3 < |S| = 2k + 2 = 4. Therefore, T must have degw′ = degw = 4, and each of w and w′ must have a single
neighbor of degree two, that is, T is the second tree in Fig. 3.
Conversely, it is easy to see that both trees in Fig. 3 have ap(T) = γap(T). 
The preceding results complete the proof of Theorem 23.
We conclude this section with a corollary characterizing the trees having ap(T) = γap(T) = d(∆+ 1)/2e.
Corollary 30. Tree T has ap(T) = γap(T) = d(∆+ 1)/2e if and only if either:
1. T is the double star S2,2, or
2. T can be obtained from a star K1,t by subdividing at most bt/2c of its edges exactly once.
Proof. The sufficiency follows from Theorem 23 and easily computed values of ap(T) for the trees T given in the theorem.
For necessity, let T be a tree satisfying ap(T) = γap(T) = |S| = d(∆ + 1)/2e and N[S] = V(T), where S is a γap(T)-set. If
∆(T) = 1, T is K2, and if∆(T) = 2, T is a path and d(∆+ 1)/2e = 2. The only paths having ap = 2 are P3 and P4 and the result
holds. Finally suppose∆(T) ≥ 3, and let x be a vertex of maximum degree. Then x ∈ S by Lemma 24(c). Since S is a powerful
alliance, at least b∆/2c neighbors of x are in S. Thus, S ⊆ N[x] and exactly b∆/2c neighbors of x are in S. Since S is a gpa, it
follows from Theorem 23 that T = S2,2 or T is a spider with tails of lengths one and two. Moreover, at most b∆/2c neighbors
of x are support vertices. 
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